In this paper, a new class of biholomorphic mappings named "ε quasi-convex mapping" is introduced in the unit ball of a complex Banach space. Meanwhile, the definition of ε-starlike mapping is generalized from ε ∈ [0, 1] to ε ∈ [−1, 1]. It is proved that the class of ε quasi-convex mappings is a proper subset of the class of starlike mappings and contains the class of ε starlike mappings properly for some ε ∈ [−1, 0) ∪ (0, 1]. We give a geometric explanation for ε-starlike mapping with ε ∈ [−1, 1] and prove that the generalized RoperSuffridge extension operator preserves the biholomorphic ε starlikeness on some domains in Banach spaces for ε ∈ [−1, 1]. We also give some concrete examples of ε quasi-convex mappings or ε starlike mappings for ε ∈ [−1, 1] in Banach spaces or C n . Furthermore, some other properties of ε quasi-convex mapping or ε-starlike mapping are obtained. These results generalize the related works of some authors.
Introduction
The class of convex mappings and the class of starlike mappings are two important classes of mappings in the study of geometric function theory. In the case of one complex variable, the two classes of functions have a simple and important relation, that is Alexander's theorem; However, this theorem is no longer true in several complex variables. In fact, there exists a new class of biholomorphic mappings, which does not appear in the one complex variable case, between the convex mappings and the starlike mappings of several complex variables.
In 1999, Roper and Suffridge [18] introduced the class of "quasi-convex mappings of type A." In 2001, Liu Taishun and Liu Hao [12] introduced another class of mappings named "quasiconvex mappings" in general bounded convex circular domains of C n . In 2002, Zhang Wenjun and Liu Taishun [22] had generalized the above two classes of mappings to the unit ball of a general complex Banach space, and they had proved that, in all Banach spaces, the class of "quasi-convex mappings of type A" coincides with the class of "quasi-convex mappings," so these mappings were called the quasi-convex mappings in general.
In 2001, Professor Gong Sheng and Professor Liu Taishun [2, 3] introduced the concept of ε starlike mappings, and studied the criterion for this class. In this paper, we introduce a new class of biholomorphic mappings named "ε quasi-convex mapping" in the unit ball of a complex Banach space, and study its some properties.
The organization of this paper is as follows. In Section 2, some definitions and notations are given. We introduce a new class of biholomorphic mappings named "ε quasi-convex mapping" in the unit ball of a complex Banach space. Meanwhile, we generalize the definition of ε-starlike mapping from ε ∈ [0, 1] to ε ∈ [−1, 1]. In Section 3, some properties of ε quasi-convex mappings are obtained. In Section 4, we give a geometric explanation for ε-starlike mapping with ε ∈ [−1, 1]. Moreover, it is proved that the generalized Roper-Suffridge extension operator preserves the biholomorphic ε starlikeness on some domains in Banach spaces for ε ∈ [−1, 1]. In Section 5, we also give some concrete examples of ε quasi-convex mappings or ε starlike mappings for ε ∈ [−1, 1] in Banach spaces or C n .
The definitions and lemmas
Let X be a complex Banach space and let B = {x ∈ X: x < 1} be the unit ball in Banach space X. In particular, let U = {z ∈ C: |z| < 1} be the unit disk in the complex plane C. Suppose that Ω is an open subset of X and f : Ω → X, then f is holomorphic in Ω if given x ∈ Ω, there is a bounded linear map Df (x) : X → X such that
The linear map Df (x) is called the Fréchet derivative of f at x. If f is holomorphic in Ω and x ∈ Ω, then for every n = 1, 2, . . . , there is a bounded symmetric n-linear
n for all y in some neighborhood of x, where
A mapping f : Ω → X is biholomorphic, if the inverse mapping f −1 exists and is holomorphic on an open set V ⊂ X and f −1 (V ) = Ω. A mapping f : Ω → X is locally biholomorphic if given x ∈ Ω there is a neighborhood V of x such that f | V is biholomorphic. A mapping f : Ω → X is locally biholomorphic if and only if Df (x) has a bounded inverse for each x ∈ Ω. We call a holomorphic mapping f : Ω → X normalized if f (0) = 0 and Df (0) = I , where I is the identity map on X. Let H (Ω) denote the class of all the normalized locally biholomorphic mappings f : Ω → X. In particular, we let H (U) denote the class of all the normalized locally univalent functions f : U → C.
Suppose that f : B → X is a biholomorphic mapping and 0 ∈ f (B). For ε ∈ [0, 1], the biholomorphic mapping f : B → X is said to be ε starlike, provided f (B) is starlike with respect to every point in εf (B) . The class of all the normalized biholomorphic ε starlike mappings on B is denoted by S * (B, ε). Then f ∈ S * (B, ε) if and only if f is a normalized biholomorphic mapping on B and
for all x 1 , x 2 ∈ B and 0 λ 1. When ε = 0, S * (B, ε) is exactly the class of all the normalized biholomorphic starlike mappings on B, which will be denoted by S * (B). And when ε = 1, S * (B, ε) is exactly the class of all the normalized biholomorphic convex mappings on B, which will be denoted by K(B). In particular, we let K(U ) denote the class of all the normalized univalent convex functions U . Evidently, we have
for 0 ε 1. Let X * be the dual of X. For given x ∈ X, we define
By Hahn-Banach theorem [21] , T (x) is nonempty for any x ∈ X. In the following, every T x is in T (x) for x ∈ X. Suppose that 1 < p < ∞ and C n is the space of n-complex variables z = (z 1 , z 2 , . . . , z n ) with the norm z p = ( n j =1 |z j | p ) 1/p , and let B n p = {z ∈ C n : z p < 1}. From [6] , we have
where u = (u 1 , . . . , u n ) ∈ C n , and the corresponding component of T u is regarded as zero when
In 1973, Professor Suffridge gave the criteria for starlikeness and convexity of mappings on B as follows.
Theorem A. [19, 20] Suppose that f ∈ H (B), then f (x) ∈ S * (B) if and only if
Theorem B. [19, 20] Suppose that f ∈ H (B), then f ∈ K(B) if and only if
In 2002, Professor Gong Sheng and Professor Liu Taishun gave a criterion for ε starlike mappings as follows.
In 2002, Professor Zhang Wenjun and Professor Liu Taishun defined the quasi-convex mapping in the unit ball B of a complex Banach space as follows.
Definition 2.1. [22] Suppose that f ∈ H (B). If
then f (x) is said to be a quasi-convex mapping on B, and let Q(B) denote the class of all quasi-convex mappings on B.
Inspired by Theorem C and Definition 2.1, now we define the following concept of ε-quasiconvex mapping on B. 
(2.5)
Proof. By directly computing the Fréchet derivatives of f (z), we obtain
, then we have 2|a| − 1 > 0. From (2.5) and (2.6), we obtain
for all z, y ∈ B n 2 with y z and ε ∈ (−1/2, 1). Hence f ∈ S * (B n 2 , ε) for ε ∈ (−1/2, 1). By Example 7 in [18] for n = 2 or Example 3 in [15, 25] , we know that f ∈ K(B n 2 ) if and only if |a| 
In order to derive our main results, we recall the following lemmas.
Lemma 2.1. [22] K(B) ⊂ Q(B) ⊂ S * (B). Moreover, K(B) is a proper subset of Q(B) and Q(B) is a proper subset of S * (B) for some concrete Banach spaces.

Lemma 2.2. [13] Suppose that g ∈ H (B), g(0)
And the above estimates are sharp.
Lemma 2.3. [3] If h : B × B → B is a holomorphic mapping with
holds for every x ∈ B and y ∈ B.
Lemma 2.4. [3] There exists a bounded linear functional
where ζ is any nonzero complex number and x ∈ X, x = 0.
The properties of ε quasi-convex mappings
In some concrete Banach spaces, the above relations are proper for some
Proof.
(1) By Definitions 2.2 and 2.3, we have
Setting ξ = 0 in the above inequality, we get
The following two examples show that, in some concrete Banach spaces, the above relations are proper for some
where a is a complex constant and u ∈ ∂B.
(1) If ε ∈ [−1, 1] and |a| 1− 4 √ |ε|
(2) If −1 ε < 0 and
Proof. Simple computation yields
for all x ∈ B, ξ ∈ U and |a| 1, so f ∈ H (B). From (3.1) and (3.2), we have
it follows from Theorem A that f ∈ S * (B).
On the other hand, fix a. Since
this leads to f / ∈ Q(B, ε), and the proof of Example 3.1 is complete. 2 Example 3.2. Suppose that n 2 and 0 < ε 1. Let
Since K(U ) ⊂ Q(U, ε) for 0 < ε 1, then it follows from Theorem 3.5 later that f ∈ Q(B n 2 , ε) for 0 < ε 1.
On the other hand, by direct computing the Fréchet derivatives of f (z), we obtain
where
Hence f / ∈ S * (B n 2 , ε) for 0 < ε 1. This completes the proof. 2
, then it follows from the hypothesis of Theorem 3.2 that 0 ε < 1. Taking f ∈ Q(B, ε 1 ), then from Theorem 3.1, we obtain f ∈ S * (B). So it follows from Theorem A and Definition 2.2, we have
and
, we obtain that for any x ∈ B and ∀ξ ∈ U , Q(B, ε) , and x = 0 is a zero of order k
(1) If 0 ε 1, then
(2) If −1 ε < 0 and k 2, then
Proof. Since f (x) ∈ Q(B, ε), by Definition 2.2, we have
Re
Fix ξ with εξ = 1, it is evident that 1 − Re(εξ ) = 0. Set
then F is a holomorphic mapping from B to X with F (0) = 0, and Re T x (F (x)) 0 (x ∈ B). Because
we have
Comparing the both sides of the above equality, we get
Hence F ∈ H (B). By Lemma 2.2, we have
From (3.7) and (3.6), we have
for n = k + 1, . . . , 2k. This leads to
By (3.8) and (3.9), we obtain
(1) When 0 ε 1. Setting ξ = −1 in the inequality (3.10), we obtain
(2) When −1 ε < 0 and k 2. Setting ξ = 1 in the inequality (3.10), we obtain
(3) When −1 ε < 0 and k = 1. We know that n = k + 1 = 2k = 2. Since n − 1 − nεξ + ξ n ε = 1 − 2εξ + εξ 2 is an analytic function of ξ ∈ U , by the Maximum modulus principle, simple computation yields
Thus it follows from the above equality and (3.10) that
and the proof is complete. 2
Setting ε = 1 in Theorem 3.3, we have the following corollary.
Corollary 3.2. Suppose that f (x) ∈ Q(B) and x = 0 is a zero of order
Setting ε = 0 in Theorem 3.3, we have the following corollary.
Corollary 3.3. Suppose that f (x) ∈ S * (B) and x = 0 is a zero of order
From Theorems 3.1 and 3.3, we have the following corollary.
Corollary 3.4. Suppose that f (x) ∈ S * (B, ε) and x = 0 is a zero of order
Remark 3.1. Corollaries 3.2, 3.3 and 3.4(1) had been obtained by Liu and Liu [13] .
In the following, we suppose that X is a complex Hilbert space with inner product ·,· and norm · = √ ·,· . Recently, we [24] introduce a linear operator Φ in purpose to construct some other concrete examples about the biholomorphic convex mappings on the unit ball B of a complex Hilbert space X as follows. Let m be a positive integer and dim X m 2. Then there exist u 1 , u 2 , . . . , u m ∈ X with
for z ∈ B. We obtained the following theorem. 
...,u m (h, h, . . . , h) / ∈ K(B).
Now we shall use this operator Φ to study the properties of Q(B, ε).
Hence we obtain
for z ∈ B, ξ ∈ U and |ε| 1. 
for z ∈ B and ξ ∈ U . From (3.13)-(3.15), we obtain
for z ∈ B, ξ ∈ U and |ε| 1, that is f ∈ Q(B, ε) . On the other hand, suppose that 1] and k fixed (1 k m) , we let z = ηu k , then from (3.12) we have
Hence g k ∈ Q(U, ε). This completes the proof. 2
Notice that S * (U, ε) = Q(U, ε), from Theorems 3.1 and 3.4, we have the following corollary. 
Corollary 3.5. Suppose that |ε|
Furthermore, we have the following theorem.
Theorem 3.5. Suppose that
1 < p < ∞, ε ∈ [−1, 1]. Then F (z) = (f 1 (z 1 ), f 2 (z 2 ), . . . , f n (z n )) ∈ Q(B n p , ε) if and only if f 1 , f 2 , . . . , f n ∈ Q(U, ε).
Proof. By direct computing the Fréchet derivatives of F (z), we obtain
So it follows from (3.16) and (3.17) that
. . , n}, and let z = (0, . . . , 0, z k , 0, . . . , 0), where z k is the kth component of z, then from (3.18), we obtain
Hence f k ∈ Q(U, ε), and the proof is complete. 2
Setting ε = 1 in Theorem 3.5, we have the following corollary. 
Using the fact that S * (U, ε) = Q(U, ε), from Theorems 3.1 and 3.5, we have the following corollary. (g 1 (z 1 ), g 2 (z 2 ), . . . , g n (z n )) with g 1 , g 2 , . . . , g n ∈ S * (U, ε). Then
The properties of ε-starlike mappings
It is well known that for ε ∈ [0, 1], the ε-starlike mapping have a geometric definition. Now we use the same method as in the proof of Theorem 1 in [3] to prove the following theorem, which gives a geometric explanation of ε-starlike mapping for ε ∈ [−1, 1]. for all x, y ∈ B with y x < 1. On the other hand, the expansion of h(x, y) at t = 0 is
Proof. Sufficiency. If εf (B) ⊂ f (B) and f (B) is starlike with respect to every point in εf (B), then for every
t ∈ [0, 1], h(x, y) = f −1 [(1 − t)f (x) + tεf (y)] ish(x, y) = x − t Df (x) −1 f (x) − εf (y) + O t 2 .
This leads to
From (4.2) and (4.3), we have
for all x, y ∈ B with y x < 1. Thus letting t → 0 + , we get
for all x, y ∈ B with y x < 1. Hence by Definition 3.3, we obtain that f is ε starlike. Necessity. We first prove that (2.4) implies the following inequality
for all x, y ∈ B with y < x < 1. If (4.4) does not hold, then there exist points x 0 ∈ B, x 0 = 0 and y 0 ∈ B with y 0 < x 0 < 1 such that
Fix x 0 and y 0 , set U(0, 1/ x 0 ) = {ζ ∈ C: |ζ | < 1/ x 0 }. By Lemma 2.4, there exists a bounded linear functional T x 0 such that T ζ x 0 = (ζ /|ζ |)T x 0 , where ζ ∈ C, ζ == 0. Using this T x 0 , we define a function of ζ as follows:
is a holomorphic function of ζ on D(0, 1/ x ) and Re(g(1)) = 0. By the property of T x 0 , we have
is a holomorphic function on U(0, 1/ x 0 ), by the extremum principle of harmonic function, we get that Re(g(ζ )) ≡ 0 in the domain U(0, 1/ x 0 ). So Re(g(0)) = 0. But
by (4.5) . We obtain a contradiction. Hence (4.4) holds. Next, we prove that f (rB) is starlike with respect to every point in εf (rB) for every r ∈ (0, 1).
If not, there exist a number r ∈ (0, 1) and two points p ∈ rB and y ∈ rB, such that a part of the line segment {tf (p) + (1 − t)εf (y) ∈ X: 0 t 1} is laid in X \ f (rB). So there exists a point x ∈ ∂(rB) and a number δ ∈ (0, 1), such that the open line segment 6) then x(t) ∈ rB and y ∈ rB. Therefore
This means that x(t) is not an increasing function of t ∈ (δ, 1).
On the other hand, by (4.6), we have
From (4.8) and (4.9), we have
It follows from (4.4) and (4.7) that lim inf
Δt→0 Δt>0
for t ∈ (δ, 1). This means that x(t) is a strictly increasing function of t ∈ (δ, 1). Thus we obtain a contradiction. Hence f (rB) is starlike with respect to every point in εf (rB) for every r ∈ (0, 1). Finally, for any two points x, y ∈ B, there exists a number r ∈ (0, 1) such that x, y ∈ rB. Hence In 1995 [17] , Roper and Suffridge introduced an extension operator, which is defined for normalized locally univalent function f on U by
2 , and we choose the branch of the square root such that f (0) = 1. This operator is known as the Roper-Suffridge extension operator. Roper and Suffridge [17] proved that if f is a normalized convex function on U , then Φ n (f ) is a normalized biholomorphic convex mapping on B n 2 . In [8] , Graham and Kohr proved that (1) if f is a normalized starlike function on U , then Φ n (f ) is a normalized biholomorphic starlike mapping on B n 2 ; (2) if f is a normalized Bloch function on U , then Φ n (f ) is a normalized Bloch mapping on B n 2 . Because Roper-Suffridge extension operator has these important properties, many authors are interested in this extension operator. They generalized this extension operator in C n and discussed their properties (see [3] [4] [5] [6] [7] [8] [9] [10] [11] , etc.). Recently, we generalized the Roper-Suffridge operator to Banach spaces in [14, 23] . We have proved that the generalized Roper-Suffridge extension operator preserves the biholomorphic ε starlikeness on some domains in Banach spaces for ε ∈ [0, 1]. In the following, by applying Theorem 4.1, we may generalize this result from ε ∈ [0, 1] to ε ∈ [−1, 1]. In order to derive our result, we need the following lemmas and notations.
Suppose that X is a Banach space with norm · and dim X 2, and X * is the dual space of X. Let n be an integer number with 2 n dim X. Then there exists a linearly independent family {x 1 , x 2 , . . . , x n } ⊂ X with x j = 1 (j = 1, 2, . . . , n). By the Hahn-Banach theorem [21] , there exist x * j ∈ X * such that x * j (x j ) = 1 and In the following, we may choose the branch of all power functions (f (ζ )) α | ζ =0 = 1 for f ∈ S and α > 0, where S is denoted the class of all the normalized univalent functions f : U → C. 
